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Abstract. In the present paper, a relation is developed to study the velocity of sound in liquid
metals as a function of pressure at different temperatures. The relation obtained is applied in the
cases of liquid Na, K, Rb, Cs and Hg. The calculated and experimental results in each liquid
are found to be in very good agreement throughout range of pressure and temperature studied.
Furthermore, several thermodynamic parameters are also calculated.

1. Introduction

Shaw and Caldwell [1] recently reported sound velocity measurements in liquid Na, K, Rb
and Cs as a function of pressure at different temperatures. Earlier, Davis and Gordon [2]
reported the sound velocity data in the case of liquid Hg. One way of analysing the sound
velocity data in liquid metals is to develop a polynomial in pressure and that is exactly what
those authors did. In this method, the parameters involved may be quite large.

The other approach is to develop an analytical relation on some physical basis so that
the sound velocity measurements can be represented as a function of pressure at different
temperatures. Such a relation may be useful in obtaining the volume compression data of
the liquid metals.

From the above-mentioned sound velocity measurements, we find that the velocity
of sound in a liquid metal increases with increasing pressure and decreases with rising
temperature. Moreover, the first pressure derivative of the velocity of sound is always
positive and the second derivative is always negative. All these facts have to be combined
together to obtain the desired relation which is capable of representing the pressure-
dependence of the velocity of sound at different temperatures. This is exactly the aim
of the present paper.

2. Theory

To study the pressure dependence of the velocity of sound,Vs(P, TR), at an ambient
temperature,TR, in the liquid metals, we propose that the ratio of second to first pressure
derivatives of the velocity of sound is a pressure-independent parameter, namely(

∂2Vs(P, TR)

∂P 2

)
TR

/(
∂Vs(P, TR)

∂P

)
TR

= −Z. (1)
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Successive integration of equation (1) within the limit fromP = P to P = 0 gives

V ′
s (P , TR) =

(
∂Vs(P, TR)

∂P

)
TR

= V ′
s (0, TR) exp(−ZP) (2)

Vs(P, TR) = Vs(0, TR) + V ′
s (0, TR)

Z
[1 − exp(−ZP)] (3)

whereV ′
s (0, TR) is the first pressure derivative ofVs(P, TR) at P = 0.

It is evident from equation (3) thatVs(P, TR) increases with increasing pressure.
Moreover, the value of the velocity of sound corresponding toP → ∞ is given by

Vs(∞, TR) = Vs(0, TR) + V ′
s (0, TR)

Z
. (4)

In the present problem the thermal effect is considered in the same way as it is considered
in the volume compression study [3, 4] of solids and liquids, namely

P(T ) = P(TR) + Pth (5)

wherePth is the thermal pressure and the simplest form of it is taken as

Pth = α(0, TR)BT (0, TR)(T − TR)

= ξ(T − TR) (6)

whereα(0, TR) andBT (0, TR) are the volume expansion coefficient and the isothermal bulk
modulus, respectively, atP = 0 andT = TR.

To take into account the thermal effect, equations (2) and (3) can be written as

V ′
s (P , T ) = V ′

s (0, TR) exp{−Z[P − ξ(T − TR)]} (7)

Vs(P, T ) = Vs(0, TR) + V ′
s (0, TR)

Z
{1 − exp{−Z[P − ξ(T − TR)]}}. (8)

However,Z is also taken as a temperature-independent parameter in writing equations (7)
and (8).

Differentiation of equation (8) with respect to temperature gives(
∂Vs(P, T )

∂T

)
P

= −V ′
s (0, TR) exp{−Z[P − ξ(T − TR)]}. (9)

Thus, it is evident from equation (9) that, at a given pressure,Vs(P, T ) decreases with
rising temperature.

Hence, it is clear that the velocity of sound in a liquid metal can be easily computed as
a function of pressure at different temperatures with the help of equation (8), provided that
the values ofVs(0, TR), V ′

s (0, TR), Z, α(0, TR) andBT (0, TR) are known.
Insofar as the values ofα(0, TR) and BT (0, TR) are concerned, these may be easily

available in the literature. Sometimes, there may be a difficulty in finding the value of
BT (0, TR), in which case,BT (0, TR) can be evaluated from the thermodynamic relation

1

BT (0, TR)
= 1

Bs(0, TR)
+ [α(0, TR)]2TR

ρ(0, TR)CP (0, TR)
(10)
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where the adiabatic bulk modulus,Bs(0, TR), can be computed from

Bs(0, TR) = [Vs(0, TR)]2ρ(0, TR). (11)

Thus, knowing the value of the density,ρ(0, TR), and the heat capacity at constant
pressureCP (0, TR), the value ofBT (0, TR) can be easily calculated.

Before making use of equation (8), it will be worthwhile to justify the assumption given
in equation (1). In this connection, the following points are to be noted.

(i) The calculations for the velocity of sound up to 0.7 GPa in the case of liquid alkali
metals and up to 1.3 GPa in the case of mercury agree well with the experimental data (see
table 1). Furthermore, the various thermodynamic parameters computed are also in very
good agreement with the results of other workers (see table 2). Hence, the calculations of
the present paper definitely give confidence in the correctness of the assumption.

Table 1. Input data.

Vs(0, TR) V ′
s (0, TR) Z α(0, TR) BT (0, TR) RMSD in Vs Reference

Liquid TR (◦C) (km s−1) (km s−1 GPa−1) (GPa−1) (10−4 K−1) (GPa) (m s−1) for α andBT

Na 148.9 2.500 1.068 0.4389 2.43 5.14 1.8 [1]
K 114.2 1.848 1.671 0.8847 2.73 2.49 1.4 [1]
Rb 130.9 1.220 1.373 0.8518 2.85 1.90 1.4 [1]
Cs 108.3 0.952 1.387 1.2917 2.91 1.47 1.0 [1]
Hg 40.5 1.4415 0.2185 0.3234 1.80825 24.31 0.82 [2]

(ii) We developed recently an equation of state based on the assumption that the ratio of
second to first pressure derivatives of the isothermal bulk modulus is a pressure-independent
parameter. The equation of state (EOS) so developed has been applied successfully for
various types of materials [5–7]. Therefore, it is natural for us to see that the ratio of
second to first pressure derivatives of the velocity of sound is also a pressure-independent
parameter. The present computations favour this assumption.

(iii) Under the condition thatZ is quite small, equation (3) becomes

Vs(P, TR) = Vs(0, TR) + V ′
s (0, TR)P .

Thus, the variation of the velocity of sound with pressure becomes linear and indicates a
special case of equation (3)

Taking all these points into consideration, we feel that the present assumption represents
a good working assumption.

3. Calculations

The calculations were performed for the cases of liquid Na, K, Rb, Cs and Hg. Equation (8)
was first applied at the ambient temperature,TR, to obtain the best-fitted values ofVs(0, TR),
V ′

s (0, TR) and Z. The values of these parameters obtained in each liquid are reported in
table 1 together with the values ofα(0, TR) andBT (0, TR). Equation (8) can now be applied
to compute the velocity of sound as a function of pressure at different temperatures.

However, it may be mentioned here that the maximum discrepancies between the
calculated and the experimental measurements of sound velocity throughout the range of
pressure and temperature studied for each liquid metal were±1.2% for Na,±1.8% for K,
±2.5% for Rb,±2.5% for Cs and±0.6% for Hg. The discrepancy in each liquid appears to
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be reasonable, taking into account the simplicity of the present theory on the one hand and
the experimental error involved in the measurement on the other. In figure 1, the velocity of
soundVs(P, T ) is plotted against pressure at that temperature at which the root mean-square
deviation is at its maximum in each liquid metal. Thus, it can be said that the agreement
is very good between the calculated and the experimental values of the velocity of sound.
Moreover, the discrepancy could be further reduced provided that more accurate values of
α(0, TR) andBT (0, TR) become available, particularly of the former.

Figure 1. The velocity of sound versus pressure in liquid metals, having a maximum value of
the root mean square deviation at the indicated temperature.

3.1. Thermodynamic parameters

A number of thermodynamic parameters can be easily evaluated. Equations (7) and (8) can
be used to obtain the values ofVs(0, T ) andV ′

s (0, T ), respectively, whereas equations (10)
and (11) will give the values ofBs(0, T ) and BT (0, T ), respectively, because all other
parameters needed for calculation are available in the literature. To calculateB ′

s(0, T ), we
start with the relation

[Vs(P, T )]2 = Bs(P, T )/ρ(P, T ). (12)

By differentiating equation (12) with respect to pressure and puttingP = 0, we get

B ′
s(0, T ) = Vs(0, T )ρ(0, T )

(
2V ′

s (0, T ) + Vs(0, T )

BT (0, T )

)
. (13)

Thus, all the data being known,B ′
s(0, T ) can be computed from equation (13).
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The Anderson–Gr̈uneisen parameter

δT (0, T ) = − 1

α(0, T )BT (0, T )

(
∂BT (0, T )

∂T

)
P=0

(14)

is calculated assuming a linear variation ofBT (0, T ) with temperature whereas the values
of B ′

T (0, T ) are computed with the help of Overton’s [8] relation. The Grüneisen parameter
given by

γ (0, T ) = α(0, T )Bs(0, T )

ρ(0, T )CP (0, T )
(15)

is also calculated.
The values of all these parameters are reported in table 2 and compared with the results

of other workers. It is evident from table 2 that the values ofδT (0, T ) andB ′
T (0, T ) obtained

by Shaw and Caldwell have some formulational error otherwise our results should not differ
from theirs. The possible formulational error appears to be that they have taken a negative
sign in the bracket of equation (13) instead of a positive one.

4. Discussion

The values ofVs(0, T ), V ′
s (0, T ), Bs(0, T ) and BT (0, T ) for liquid alkali metals are in

very good agreement with the values reported by Shaw and Caldwell. However, the values
of B ′

s(0, T ), B ′
T (0, T ) and δT (0, T ) differ due to a possible error in the formulation as

discussed above.
Furthermore, the values ofVs(0, T ), Bs(0, T ), B ′

s(0, T ) (except in Hg),BT (0, T ),
B ′

T (0, T ), γ (0, T ) andδT (0, T ) decrease whereas those ofV ′
s (0, T ) andB ′

T (0, T ) increase
with rising temperature. The most compressible of liquid alkali metals is Cs and the least
compressible is Na, The values ofBs(0, T ) and B ′

T (0, T ) are greater thanBT (0, T ) and
B ′

s(0, T ), respectively. All the liquid metals are found to haveB ′
T (0, T ) greater than 4

which appears not to be an unusual result.
The decrease in the value ofB ′

s(0, T ) with rising temperature in liquid alkali metals
can be explained on the basis of equation (13), in which the value of the [Vs(0, T )ρ(0, T )]
term is found to decrease faster than the value of 2V ′

s (0, T ) + Vs(0, T )/BT (0, T ) increases
with rising temperature. The reverse is true in the case of Hg. The interesting result of the
present study is thatB ′

T (0, T ) ≈ δT (0, T ) which is in agreement with the idea of Dass and
Kumari [9].
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